and when he attacked various special problems relating to centres o f gravity, he discovered for himself that they could be solved by means o f an operation (integration) which was the inverse o f differentiation.
His family, whose means were slender, wished him to take up a commercial career; while Vito insisted on his desire to become a man o f science. The struggle between vocation and practical necessity became very acute: and the family applied to a distant cousin who had succeeded in the world, to persuade the boy to accept their views. This man, Edoardo Almagia, who died at the age o f eighty in 1921, was one o f the most celebrated civil engineers and financiers in Italy in the latter part o f the nineteenth century : as a contractor o f public works he constructed many important railways and harbours at home and abroad, including the harbours o f Alexandria and Port Said in Egypt: the pro prietor o f vast estates in Tuscany and the Marches, he was renowned for his charities: and it was in the course of excavations at his palace in the Corso U m berto-once the Palazzo Fiano-O ttoboni-that the discovery was made o f the sculptures o f the Ara Pads o f the Emperor Augustus, which are now among the treasures o f the Museo delle Terme in Rome.
His interview with his young relative turned out differently from what the family had expected. Impressed by the boy's sincerity, determination and ability, the older man threw his influence on the side o f science, and turned the scale. Professor R oiti offered a nomination as assistant in the Physical Laboratory o f the University o f Florence, though Vito had not yet begun his studies there: it was accepted, and now the die was cast. The young aspirant entered the Faculty o f Natural Sciences at Florence, following the courses in Mineralogy and Geology as well as in Mathematics and Physics. In 1878 he proceeded to the University o f Pisa, where he attended the lectures of Dini, Betti and Padova: in 1880 he was admitted to the Scuola Normale Superiore, where he remained for three years: and here, while still a student, he wrote his first original papers. Under the influence o f Dini he had become interested in the theory of aggregates and the functions o f a real variable, and he gave some examples [3] 3 which showed the inadequacy, under certain cir cumstances, o f R iem ann's theory o f integration, and adumbrated the developments made long afterwards by Lebesgue.
In 1882 he graduated Doctor o f Physics at Pisa, offering a thesis on hydrodynamics in which certain results, actually found earlier by Stokes, were rediscovered independently. Betti at once nominated him as his assistant. In 1883, when only twenty-three years o f age, he was promoted to a full professorship o f Mechanics in the University o f Pisa, which after the death o f Betti was exchanged for the Chair o f Mathematical Physics. He now set up house in Pisa with his mother, who up to that time had continued to live with her brother. In 1888 he was elected a non-resident member o f the Accademia dei Lincei: in 1892 he became pro fessor o f Mechanics in the University o f Turin, and in 1900 he was called to the Chair of Mathematical Physics in Rom e, as the successor o f Eugenio Beltrami. In July o f that year he married Virginia Almagia, one o f the daughters o f the distinguished relative who had first made it possible for him to follow a scientific career. She had inherited intellectual brilliance from her father, and great beauty from her mother, and as the wife o f Vito Volterra took upon herself all the cares which might have distracted her husband from his scientific work, undertaking the education o f their children and the administration o f all their possessions. Six children were born o f the union, o f whom four now survive. His mother still lived with them, and died at the age o f eighty at the Palazzo Almagia in March 1916 .
W e must now proceed to an account o f Volterra's scientific work. Instead of considering the individual papers one by one in chronological order, we shall group them according to subjects: and shall consider first those relating to functionals.
A functional may be introduced as a generalization of the idea o f a function y of several independent variables < /> l9 0 2> • • • > 0«, say < $ > % ■ > . . • , </*«)• Let us suppose that the set o f variables, < f> l9 02, . . . , 0«, is modified from being a finite set to being an 1 The numbers in square brackets refer to the bibliography at the end of this notice.
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OBITUARY NOTICES enumerably-infmite set and finally to being a continuous set. To represent this analytically, we can regard < f > x as a function of its suffix x: then the functional y is a function o f all the values that the function </>(x) takes when x lies in some interval A^x A B . The function <j>{x) is arbitrary, and is, so to speak, the independent variable o f which the functional y is a function. This definition may readily be extended to a functional y de pending on several functions < /> x(x), <^2(x), . . . and moreover on certain parameters tl9 t2, . . . , y being a function in the ordinary sense o f the fs. W e may also introduce functions o f several variables <f>(xl9 x 2, . . .) in place o f the functions < / > r(x).
The transition from ordinary functions to functionals corre sponds exactly to the transition from the theory o f maxima and minima o f functions o f several variables, to the calculus of variations: and indeed the integrals, which in the calculus of variations are to be made maxima or minima by choosing the functions involved in them in a certain way, constitute a familiar and important example o f functionals.
Volterra seems to have conceived the idea o f creating a general theory o f the functions which depend on a continuous set of values o f another function, as early as 1883: but his first pub lished w ork on the subject [17] did not appear until 1887. The name functional was introduced later by Hadamard and has now replaced Volterra's original nomenclature.
The first step in the theory must evidently be to extend to functionals the well-known fundamental concepts o f the theory o f functions: the continuity o f a functional is first defined, and the derivative and the differential have their analogues. The partial derivative with respect to a particular variable passes into the derivative o f the functional y with respect to < f > at a certain point o f the interval o f definition o f < /> , say x = To the total differential, which is a linear form in the differentials o f the independent variables with the partial derivatives as coefficients, there corresponds the total variation o f the functional, which is an integral over the variation o f the independent variables with the derivatives o f the functional y with respect to < j > at the point £ as coefficients. By repeated application o f these opera tions, higher differential coefficients and higher variations are easily defined. The higher differential coefficients with respect to < /> at the points £l9
• * • are shown to be symmetrical at these points (corresponding-to ------- Obviously is a functional of the < /> 's: but it is not the most general type of functional, since it is invariant when the < /> 's are replaced by other functions obtained from them by a change o f parameter *fi(u) = <f>i(t): y, in fact, depends on the line L but not on its mode of parametric representation. Volterra defined the derivative o f a function of a line with respect to the line at a certain point o f it, and then defined the variation. He next introduced the idea of a simple function of a line: let Lj and L2 be two contours having in common an arc which is traversed in opposite directions in the two circuits, and let L1H-L2 denote the contour obtained by deleting this common arc: then a simple function of a line is defined to be a function having the property ^(Lj^+L^ = </>(L1) + ^(L2). Volterra established several important theorems regarding these simple functions.
A remarkable application of simple functions o f a line is con tained in a series o f papers, the first o f which appeared in the same year [19] . Let L be a line, F and < E > two functions of this VITO VOLTERRA 695 OBITUARY NOTICES line, L -fA L a line which is identical with L except in the neighbourhood o f a fixed point M, and let F + AF = F(L -f-aL), < i> + A <E> = < E > (L-f aL). N ow let the deformation AL tend to zero, so AF and A<F tend to zero. If a F /a< I> tends to a limit which depends only on M and is independent o f the sequence of diminishing deformations AL, then the functions F and < I> were said by Volterra to be connected with each other in sense: he suggested that this corresponds to the relation between two complex variables 2: and w for which dw/dz is independent of the way in which the limit is approached, depending merely on the value o f 2r. Fie developed the theory o f these functions, showing that it depends on certain partial differential equations, which correspond to the Cauchy-Riemann equations.
In two more notes [21] he gave a theory o f the differentiation and integration o f connected functions o f a line, defining first the 'connexion' between an ordinary function and a function of a line: the limit d^/dF introduced above is ordinary function 'connected' with both F and <F. If f (an ordinary function) and F (a function o f a line) are 'connected' and without singularities inside a closed surface cr, then J *this corre sponds to Cauchy's integral theorem in the theory o f analytic functions. M orera's converse o f Cauchy's theorem can also be extended to 'connected' functions o f a line. Integration and differentiation as introduced in these papers are inverse opera tions. The theory has some connexions with the theory of analytic functions o f two variables.
The whole theory o f this generalization o f the functions of a complex variable was systematically presented in a consider able memoir [25] in 1889: and at the same time in a series of notes [26, 27, 28] the idea o f functions o f a line was extended by considering, instead o f a line, any sub-space Sr in a space S" o f any number n o f dimensions: in particular, the notion of 'conjugate functions' (depending on an Sr_ x and S"_r_ i respec tively) was developed. Differential parameters, corresponding to the v and A o f ordinary theory, were introduced: as in ordinary 69 6 potential theory, the vanishing o f the second differential para meter is a necessary condition for the existence o f a conjugate function (the second differential parameter o f which also vanishes).
In the following year Volterra showed [30] that by means o f his functional calculus the Hamilton-Jacobi theory o f the in tegration o f the differential equations o f dynamics might be extended to general problems o f mathematical physics. The idea was, that whereas the equations o f dynamics arise from varia tional problems relating to simple integrals, the equations o f physics arise from variational problems relating to multiple integrals, which must he regarded as functionals o f the -boundary o f the field o f integration.
After this, some years elapsed before the w ork on functionals was continued. 
y) is a function-the resolvent , as it w be called to-day-which can be constructed by a simple process from the given function S(v, y). Unlike later writers-Fredholm, Hilbert, Schmidt-Volterra used the analogy with the linear algebraic equations only heuristically, the final results being proved independently.
In order to deal with integral equations o f the first kind
(whereJ is the unknown function), he differentiated this equation with respect to y, thus obtaining an integral equation of the second kind which could be solved by the method already found. A difficulty arises when H (y, y) vanishes or becomes infinite at certain points: he discussed certain types of these 'singular' nuclei, and mastered them. All these investigations were afterwards extended to the case 698 VITO VOLTERRA of multiple integrals, and also to simultaneous systems of integral equations, involving several unknown functions. In 1897 he showed 1651 that his method is applicable to integral equations with both limits variable: the range o f integration actually considered was ayLx L y where -iA a < i. In a lecture [681 on the oscillations o f liquids under the influ ence of gravitational forces (the problem o f seiches), he advocated the application o f infinite determinants to the theory o f integral equations-a method which became o f great importance later in the work o f Fredholm.
In a paper written on the occasion o f the centenary o f Abel's birth [86] , he applied his theory o f 'the inversion o f a definite integral' to a problem o f stability. After pointing out that Abel was the first to solve an integral equation of the first kind o f Volterra's type (namely, in the theory of the tautochrone), he discussed the problem o f the stability o f a fluid mass rotating about one of its principal axes and consisting of concentric, similar, and similarly situated layers: this configuration he proved to be unstable. A simpler proof, independent of the theory o f integral equations, was also given: but it was pointed out that this latter proof is less general, as regards the conditions to be satisfied by the function representing the density o f the liquid.
Meanwhile, a wide interest in integral equations had been awakened by Fredholm's theory, which was published in Swedish in 1900 and in French (in the Acta ) in 1903. Volterra |ioi] pointed out the connexion between Fredholm's theory and some problems of his own theory of functionals: the solution of an integral equation is, indeed, a simple case of the solution o f a functional equation. In the same paper, and also in the seventh o f his Stockholm lectures o f the same year, he discussed certain transcendental integral equations originating in the 'Taylor expansion' of the theory of functionals.
To this period of his life belong some celebrated researches in the theory of elasticity, which were important not only on their own account but also because they suggested much of his sub sequent work in Pure Mathematics. Perhaps the most notable o f y o o OBITUARY NOTICES these was the theory o f what he called a term for which Love introduced the English rendering dislocations. In elastic solids which occupy a multiply-connected region of space, the displacements may be many-valued functions, corresponding to deformations for which certain fundamental results of the ordinary theory o f elasticity are untrue. As a simple example, suppose that a thin slice o f material is cut out o f an anchor-ring and the new surfaces thus formed are brought into contact and, after having been twisted, joined together. There is then an initial stress even in the absence o f all external forces, and there are certain discontinuities in the displacements, although stress and strain are continuous. The joint may in fact be regarded either as a seat o f discontinuities in the displacement, or else as a barrier (a branch-cut) for the many-valued functions which represent the components o f the displacement.
Such systems had been introduced earlier, notably in Larmor's attempt to explain electrons as places o f intrinsic strain in the aether: but Volterra was the first to develop in 1905-1906 [100, 103] a fairly general theory o f these 'dislocations'. A compre hensive account o f it, with some improvements by E. Cesaro, was published in 1907 [107] . He first determined the many valued displacement in a multiply-connected region, corre sponding to a given one-valued strain: by aid o f the formulae thus obtained, he was able to discuss the type o f discontinuity at the barrier: this he proved to be o f the type o f displacement o f a rigid body. In particular, he discussed in some detail possible displacements in a hollow cylinder, and also in a system o f thin rods: in the former case he was able to compare his deductions with the results o f experiment. Once during the war, when he was on a mission to England to discuss scientific questions o f common interest to the Allies, he returned after a tiring day to the College where he was a guest, and found that his kind hosts had placed round the walls of his room a number o f models o f cylinders subjected to Volterra dislocations. He was deeply touched, and often recalled this incident in later life.
His work in elasticity was the origin o f his theory of integro- Integro-difterential equations occur in various branches o f mathematical physics. Thus, for certain substances, the electric or magnetic polarization depends not only on the electro magnetic field at the moment, but also on the history o f the electromagnetic state o f the matter at all previous instants (hysteresis). W hen the terms corresponding to this physical fact are introduced into the fundamental equations, these become integro-differential equations [115] .
A similar situation is found in 'hereditary elasticity' (as Picard called it), to which two o f Volterra's notes o f the same year are devoted [119, 120] . He assumes 'linear heredity', i.e. that the strain is a linear functional o f the stress; in this case the fundamental equations are systems o f linear integro-differential equations, and he showed that the strain in a definite interval o f time can be determined, provided that the forces in the body and the stress or strain on its surface are known for this time-interval.
In 1910 Volterra introduced into the theory o f functionals the fruitful notions o f composition and o f functions [128] . The composition o f two functions F(x, y) and < I> (x, y) is defined to be the formation o f the integral
which is denoted by the composition being said to be o f the first kind if the limits o f integration are x and y , and o f the second kind if the limits are constants a and h: these two cases evidently correspond to Volterra's and Fredholm's integral equations respectively. Two functions F and < 3> are said to be permutable if their composition is commutative. In the first note, he introduced permutability o f the first kind, and in particular investgitaed functions < J> which are permutable (of the first kind) with a given function F. He transformed the defining equation F-£</> = < /> -k-F into an integro-differential equation and by solving the latter showed that every function permutable (of the first kind) with F can be represented by a linear aggregate o f F and compositions (of the first kind) o f F with itself Since the opera tion o f composition is evidently an extension o f the operation o f m atrix multiplication, to matrices in which the row-number and column-number take a continuous sequence o f values, it is obvious that Volterra's result corresponds to the well-known theorem that every matrix which is permutable with a matrix F (whose latent roots are all simple) must be a polynomial in F. The application o f Volterra's theorem to the case when F is a constant yielded the important result that the aggregate o f all functions permutable o f the first kind with a constant is identical with the aggregate o f all functions of (y -x).
In The results o f these notes were applied to the problem o f hereditary elasticity in two notes [124, 126] in which Volterra solved the fundamental integro-differential equations for the case o f an isotropic sphere. In the second note he also solved a. quadratic integral equation. In 1912 he gave a more detailed exposition [136] of the theory o f integro-differential equations with a variable upper limit and o f elliptic type: and (in the same memoir) the theory o f 'hereditary elasticity' and o f electric and magnetic hysteresis. He also [139] extended his theory o f hereditary elasticity by considering vibrations: this led him to integro-differential equations o f hyperbolic type, and to some fundamental results regarding vibrations o f hereditary type. In many simple cases the 'hereditary' solution may be obtained from the commonly known one by replacing the trigonometric functions of the known solutions by certain transcendental functions which he now defined.
In the following year (1913) he returned once more [147] to integro-differential equations o f elliptic type and completed the investigations o f 1911 by considering in greater detail the case o f an odd number o f (spatial) dimensions. In a lecture to the Fifth International Congress o f Mathematicians at Cambridge [149] he dealt with transcendental integral equations.
In the same year appeared in book form his lectures at Rom e on integral and integro-differential equations [145] , and his lectures at the Sorbonne on functions o f lines [146] ; in these a full account is given o f the theory o f functionals, the basis being always the transition from a finite number o f variables to a continuously infinite number. These works did much to make Volterra's ideas widely known. On the invitation of the Berlin Mathematical Society he also delivered a lecture [152] outlining the fundamental notions o f the functional calculus and indicating applications to the calculus o f variations, integral and integrodifferential equations, the theory o f quadratic forms in an infinite num ber o f variables, hereditary elasticity, mechanics and electro-magnetism.
In 1914 he published a couple o f notes [155, 156] dealing with functional derivative equations, i.e. equations between a func tional and its derivative. After studying some simple types o f such equations (linear functional derivative equations o f the first and second order) he showed that these equations correspond to the differential equations o f the ordinary theory. He also dis cussed a system o f integro-differential equations corresponding to a canonical system o f equations in dynamics, and obtained the functional derivative equation which corresponds to the Hamilton-Jacobi equation.
In a substantial memoir produced on the eve o f the war-in fact, written for the Napier tercentenary in Edinburgh in In July 1914 he was, according to his custom at that time of year, at his country house at Ariccia, when the war broke out. Almost at once his mind was made up that Italy ought to join the Allies: and in concert with D 'Annunzio, Bissolati, Barzilai and others, he organized meetings and propaganda which were crowned with success on the 24th o f May in the following year, when Italy entered the war. As a Lieutenant in the Corps o f Engineers he enlisted in the army, and, although now over fifty-five years o f age, joined the Air Force. For more than two years he lived with youthful enthusiasm in the Italian skies, perfecting a new type o f airship and studying the possibility o f mounting guns on it. At last he inaugurated the system of firing from an airship, in spite o f the general opinion that the airship would be set on fire or explode at the first shot. He also published some mathematical works relating to aerial warfare, and experimented with aeroplanes. At the end of these dangerous enterprises he was mentioned in dispatches, and decorated with the W ar Cross.
Some days after the capitulation of Gorizia he went to this town while it was still under the fire of Austrian guns in order to test the Italian instruments for the location o f enemy batteries by sound. At the beginning o f 1917 he established in Italy the Office for W ar Inventions, and became its Chairman, making many journeys to France and England in order to promote scientific and technical collaboration among the Allies. He went to Toulon and Harwich in order to study the submarine war, and in May and October 1917 took part in the London dis cussions regarding the International Research Committee, to the executive of which he was appointed. He was the first to propose the use of helium as a substitute for hydrogen, and organized its manufacture.
W hen in 1917 some political parties-especially the Socialistswanted a separate peace for Italy, he strenuously opposed their proposals: after the disaster o f Caporetto, he with Sonnino helped to create the parliamentary which was resolved to carry on the war to ultimate victory.
On the conclusion o f the Armistice in 1918, Volterra returned to his purely scientific studies and to his teaching work in the University. The most important discoveries o f his life after the war were in the field o f mathematical biology, and o f these we must now give an account.
The title of his discourse [85] , at the opening o f the academic year following his election to the Rom an Chair, shows that already in 1901 he was interested in the biological applications of mathematics. His own researches in this field, stimulated by conversations with the biologist Dr Umberto D 'Ancona of the University of Siena, began at the end of 1925: his first and fundamental memoir [189] (reprinted with modications and additions as [193] : summarized briefly in English [191] : and more fully [202] . Critical summary b y j. Peres, gen. Sci. pur. appl. 38, 285-300, 337-341 (1927)) on the subject appeared in the following year. The theory was developed in several further papers [194, 195, 196, 198] and in the winter 1928-1929 was made the subject of a course of lectures delivered by Volterra at the Institut Henri Poincare in Paris. These lectures, together with a historical and bibliographical chapter compiled by D 'Ancona, were published in 1931 [210] .
The entities studied in these investigations were biological associations, i.e. systems o f animal (or plant) populations of different species, living together in competition or alliance in a common environment: and the theory is concerned with the effects of interaction of these populations with one another and the environment as expressed in their numerical variations.
At the beginning of these researches, Volterra was unaware of If the environment will support only a limited number of individuals, we must suppose that the 'coefficient o f increase' e is no longer constant, but a decreasing function o f N. It is simplest to assume that this decrease is linear so that we have the 
The existence o f periodic fluctuations in biological associations was already well known from observation: but ecologists had generally considered that it was necessary to seek an explanation o f the fluctuations in some external cause, such as the seasons, or human interference. Partly as a result o f the Lotka-Volterra analysis, it is now generally admitted that periodic fluctuations in a constant environment may under some circumstances be sufficiently explained by the mere fact o f interaction.
If the populations considered in equations (5) are different species o f fish, the effect o f fishing (i.e. uniform destruction of both species o f fish proportionately to their numbers) would be to increase e2 and to decrease From (6) it follows that the mean number o f predators (N 2) is decreased, and that o f their prey (N x) increased. Similarly, a cessation o f fishing, such as occurs on a large scale in time o f war, will be to the relative advantage of the predator species. This effect had already been observed by D 'Ancona in his statistical study of the Adriatic fisheries over the period [1905] [1906] [1907] [1908] [1909] [1910] [1911] [1912] [1913] [1914] [1915] [1916] [1917] [1918] [1919] [1920] [1921] [1922] [1923] . He found, that is to say, a temporary increase in the mean relative frequency of the more voracious kinds o f fish, as compared with the fish on which they preyed, during the years 1914-1918.
In the Legons surla Theorie la Lutte po Vie [210] a general theory o f n species is developed, and the suggestion o f a dynamical analogy is introduced by the dis tinction between what he called conservative and dissipative associations. W ithout going into the details of the definition, it may be explained that the association (of one species) repre sented in equation (1) (5) \ lN 1-y 1N i)N1 d N , .
.
The effect o f this change is that the fluctuations o f N x and N 2 are now damped: that is, their amplitudes diminish and the association tends with increasing time to its equilibrium state. This, Volterra showed, is a general property o f the associations which he called dissipative, and gives an obvious point to the mechanical analogy. He regarded conservative associations as representing ideal situations not generally attained in nature, and supposed that actual associations are more often o f the dissipa tive type. 4 Finally, in chapter 4 o f his book, Volterra extended the theory o f two species to the cases, so important in many biological problems, where delayed effects occur. The two differential equations were now replaced by a pair o f integrodifferential equations. He solved them by a method o f successive approximations, and discussed at length the analogy o f tills case w ith his previous studies o f hereditary phenomena in elasticity and electromagnetism.
The extension o f this study o f delayed effects to an association o f n species was tackled only in Volterra's last publication on mathematical biology [235] , which appeared in 1939. In the 4 G. F. Gause,
The Struggle for Existence (Baltimore, 1934), described experimen which aimed at reproducing some of Volterra's mathematical models with simple biological models, using yeast cells and different species of Protozoa in competition. The attempts were not altogether successful, but it may be noted that the periodic oscillations eventually obtained in a predator-prey experiment were of diminishing amplitude. Firstly [232] , Volterra collaborated with D 'Ancona in sur veying the relevant biological literature for confirmation and further applications. The inherent difficulties o f this task arose rather from the immense variety o f special conditions occurring in different cases and the correct assessment o f these conditions in any particular case, than in the mathematical analysis of the conditions once identified. The fact that the authors were able to find the appropriate mathematical model in many different cases is a vindication o f Volterra's technique.
Secondly [222, 223, 224, 225, 226, 227] , on the 'pure' side, he extended into the very core o f classical dynamics the sug gestion o f an analogy which has been noticed above. This new development, which he described in a lecture [228] to The analogy has been described so far for the special association (5); but Volterra worked it out generally for a conservative association (and also for certain types o f dissipative associations) o f n species. Yet one more analogy was described in a lecture 1*229, 2301 to the Reunion Internationale des Mathematiciens. Generalizing the analysis o f 'cessation o f fishing' described above by means o f equations (5), (6) , it referred to the changes in the equilibrium state o f a conservative association o f n species, caused by variation o f their coefficients o f auto-increase; and it took the form o f some principles o f reciprocity not unlike those which appear in the theories o f elasticity and electrostatics.
Biologists have been apt to criticize Volterra for preoccupying himself so elaborately with abstract mathematical models based on simplifying assumptions remote from the complexities o f nature. Yet this, after all, is the procedure on which the triumphs o f physical science have been founded. It would be rash to say whether the analogies with physical science which he unearthed will remain what they appear to be at first, and certainly are, at l e a s t , a clever and remarkable tour de force-or whether they will eventually be seen as the germs o f a profound biodynamics, essential to the theoretical and economic biology of the future:
what is beyond dispute is that his contributions to pure mathematics will be in demand more and more inescapeably as mathematical biology develops.
W hile the researches which have last been described were Volterra's chief interest during the later years o f his life, he still from time to time published contributions to pure analysis.
In 1924 appeared the well-known Volterra-Peres book [185] on the theory o f composition and permutable functions, marking the completion o f his w ork in this field: and a course of lectures on the theory o f functionals and o f integral and integrodifferential equations, given in Madrid in 1925 by invitation of the Faculty o f Science o f the University, were published in Spanish in 1927 [192] and in an English translation [204] in I93°.
Still more significant from the modern point o f view was a work on the general theory o f functionals written in collabora tion with J. Peres, o f which the first o f three projected volumes appeared in 1936 [233] . This first volume contains the general principles o f the functional calculus and its applications to the theory o f integral equations: the second volume was planned to contain the theories o f composition, o f permutable functions, of integro-differential equations and functional derivative equations, and o f Volterra's generalizations o f analytic functions: the third volume would deal with some subsidiary topics and with the applications o f the functional calculus. Account was to be taken o f the modern theory o f functions and o f abstract spaces, and the complete w ork would therefore have been o f great im portance.
In 1938 Volterra published, in the Borel series o f monographs, a work [234] written in conjunction with B. Hostinsky, concern ing researches whose origins belong to his earlier period. In 1887-1888 he had written two notes [20, 23] and a substantial memoir [16] , dealing with the theory o f substitutions or matrices, the infinitesimal operations which can be performed upon these, and their applications to the theory o f linear differential equations. He regarded the n2 elements o f a matrix o f orde o f a variable x which was supposed to be real in these earlier papers, the extension to complex variables being given in a later memoir [75] : and he defined the derivative and the integral o f a matrix with respect to x, showing that these two operations are inverse. The value o f these concepts is shown when we consider a system o f linear differential equations o f the first order
Volterra showed that the elements o f the 'integral' o f the matrix o f the aij(x) yields a fundamental system o f solutions of the differential equations. There is no difficulty in extending the formulae so as to include the case of non-homogeneous systems o f differential equations, or the case o f more than one independent variable. Theories o f total differentials o f matrices, and o f double and curvilinear integrals were then developed: and the trans formation of these latter into each other led to the introduction o f differential parameters. W hen the variable x is supposed to be complex, the integral of a matrix along a closed contour can be defined, and a calculus of residues developed, the residues depending on the singularities o f the elements o f the matrix: in short, the main ideas of the theory o f functions of a complex variable can be carried over into matrix theory: and an extension is thus obtained o f the well-known results of Fuchs on the expansion of the solutions o f a linear differential equation in the neighbourhood of one of its singular points. Volterra then went on to study matrices whose elements are one-valued and regular functions of position on a Riemann surface: these he called algebraic matrices, and their integrals he named By 1930 the parliamentary system created by Cavour in the nineteenth century had been completely abolished. Volterra never again entered the Senate House. In 1931, having refused to take the oath o f allegiance imposed by the Fascist Government, he was forced to leave the University o f Rome, where he had taught for thirty years: and in 1932 he was compelled to resign from all Italian Scientific Academies.5 From this time forth he lived chiefly abroad, returning occasionally to his country-house in Ariccia. Much o f his time was spent in Paris, where he lectured every year at the Institut Henri Poincare: he also gave lectures in Spain, in Roumania, and in Czechoslovakia. On all these journeys he was accompanied by his wife, who never left him, and learnt typewriting in order to copy his papers for him:
he was accustomed to say that the signature 'V. Volterra' in his later works represented not Vito but Virginia Volterra.
In the autumn o f 1938, under German influence, the Italian Government promulgated racial laws, and his two sons were deprived o f their University positions and their civil rights: at their father's suggestion, they left their native country to begin a new life abroad.
He had a remarkable power o f inspiring affection. W hen in the last months o f his life the new laws forbade him to have Italian servants, all o f them refused to leave: a maid who had been with him for more than twenty years, and who was forced to leave, died o f sorrow a week afterwards.
In December 1938 he was affected by phlebitis: the use o f his limbs was never recovered, but his intellectual energy was unaffected, and it was after this that his two last papers [235, 236] were published by the Edinburgh Mathematical Society and the Pontifical Academy of Sciences respectively. On the morning o f 11 October 1940 he died at his house in Rome. In accordance with his wishes, he was buried in the small cemetery o f Ariccia, on a little hill, near the country-house which he loved so much and where he had passed the serenest hours of his noble and active life.
He had received countless honours. He was elected a Foreign Member o f our Society in 1910, and had received a similar distinction from almost every National Academy and Mathe matical Society in the world; and he was a doctor honoris causa o f many Universities: in this country, of Cambridge, Oxford and Edinburgh. The photograph which is reproduced at the head o f this memoir was taken when he received the honorary Sc.D. o f Cambridge in 1900. In August 1938 he was offered the honorary doctorate o f the University of St Andrews, and wished to travel to Scotland to receive it, but was forbidden by his medical attendant. In his native land he had the Gran Cordone della Corona d'ltalia and the Croce di Guerra, and was a Senator o f the Kingdom and a Knight o f SS. Maurice 
